CHAPTER IV 


INTEGRATION BY PARTS. POWERS OF SINES 
AND COSINES. 


INTEGRATION BY Parts. 


90. Let w and w be functions of 2, and let accents denote 
differentiations, and suffixes integrations, with respect to a. 


r ” da, 
Thus w" stands for da and w, for | w dz | dz, and so 


on with w”, wg, ete. 


du 


d d 
Then = (uw) =u E +w Ce 


which we may write as 


(uw) =uw --ww. 
It follows that ww = | ww daz +Í wu’ dx 
or | uw dëss tan | ww da. 
This may be put into another form. 


DENK", 
Let w= $(z) and w (ie Sa — yr (z) — v, say ; so that 


w- [vc dz — V. 
Then the above rule may be written 
lat dea ( | 5) - | v o ( | was] ae, 


Le, | uv da = uv, — | wv dz, 
105 
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106 CHAPTER IV. 
or the two functions ¢ and y» may be interchanged, and then 
ad v(ardz=y(a){ fodel- fyw f | oraz} aes 
Lë. | Uv.de= vw, -f v'u, da. 
Thus, in integrating the product of two functions, if the 


integral be not at once obtainable, it is possible to connect 
the integral 


[e@v@de 


with either of two new integrals, viz. those of 


Jena! Logo [wo] food} ae 


and supposing that the integral of one of the two factors 
$ (2), Vy (zx) is known, one of these new integrals may be more 
easily obtainable than that of the original product. 


91. The rule may be put into words thus: 


Int. of Prod. ¢. / —1* function x Integral of Zei 
— Integral of [Diff. Co. of 1* x Int. of 2*4]. 


92. Ex. Í x sin nx da. 


Here it is important to connect if possible Í xsin nz dx with another 
in which the factor x has been removed. There is a choice as to whether 
we put U=2 and v=sin ns 
or u=sinny and v=2; 
but it will be observed that in the connected integral f wv,dr, u nas 


been differentiated, v integrated. Hence the removal of v will be effected 
if we take the first alternative. 


, 


Then Ww-2, A sl, v=sinnz, v=- 


Thus, by the rule, 
Jesin nzdz-z[ E eee i: IL à w ERAS | go 


L COS NL 1 
WC Lë [cos nz da 


ECOSNE . sin Mä 
n n? 
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93. It is to be noted that wnity may be regarded as one of 
the factors to aid an integration. 


Thus fiogzde= fi log sde 
d 
-zlog s- | 2 (log 2) de 
1 
=vlogs- |z} de 
-zlogz- [ide 


=x log «—x=x(log.x—1), 
or as it may be written =x log, Si 


94. Repetition of the Operation. 

The operation of integration by parts may be repeated as 
often as may be considered necessary for the evaluation of the 
original integral. 


Thus f atsin nz de c (at) - 9722 zT (42°)( EERE) de 
[ex - nc, Gil 2727) ln, se - sin ne) ae, 
IEN 228) a 
fasan (+259) ae—(4.3.2.2) (525) - In aa, EA dz, 
[ase ) (57 az 4.8.2.) ( - 577). 


Then adding and subtracting alternately, 
[sin nzas- e»(- con ne) ey - Ss 


n? 
+(4. Sal +228") _ -(4.3.2 sy (sone) 


(4.3.2. ul - Se" 


The student will note that no arithmetical simplification is attempted 
until the whole operation is complete. The total operation is much less 
liable to error if simplification be postponed to the end. 

We now obviously have 


IE sin ng dx= P cos nx + Q sin nz, 


4 2:1 
where =-= 44, SÉ tg 


e 
Q-4,-4.3. 25. 


, 
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95. The General Rule. 

It is obviously possible to formulate a general rule for the 
repeated operation. And such a method is most serviceable in 
practice. 

The rule is 


fuvda = WV, — WU. tu" v u” ut. -(— Ly U wn 
+(—~ Lë Ju, da, 


where «^7? is written for u with n—1 accents, t.e. the (n — 1)'^ 
differential coefficient of u. 


For fw daz zs IA — | wo, da, 
Jue dx =W V — | wv, dz, 
Jur, dz zs AU Un | Ww" ys da, 
Jute. dz =u"u,— | w” vds, 
etc. = etc., 


| at "o, de=u"-Ww,_ — [ue dz, 


[un da — u" y, — | uy, da. 
Hence, adding and subtracting alternately, 


fw dz -— wv, — E Ge tuU vy — w"v,4- ... H Lu w, 


T(-1y | uy, da. 
Ex. 1. Thus applying this to the last example (Art. 94), 
IET nzdz c (ss ( - 95 ed - ay _ sin E 


n n? 


COS NT 


(a. sos (^ ^ Jon 3. 22 


sin nv 
ni 


(4.2.2.1) ( DEE) 
each term being derived from the preceding by the simple rule of 
* diff. 1** factor and integ. 2241" and connecting by alternate signs. When 
one of the factors is a ratlonal integral algebraic polynomial, it is ulti- 


mately destroyed by the successive differentiations. 
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Ex. 2. IE "ac p af man- 1 tmm- (ed 


—m(m— 1)(m - 27377 +...4+(-—1)™ 


96. If one of the subsidiary integrals returns to the original 
form, this fact may be utilized to infer the result of the 
integration. 


Ex. [esi bx de — 7 sin ba — 2 fes | 25.0 s (i) 
and J e*cos br dx= E cos et [o sin br da sotaao-od 1s (ii) 
a a 
Hence, if P= f e"sinbrdz and Q= j! €'* cos bx dz, 

art e Z cos ba + bp] 
a al a a 


Lam bre ©. b 
and os pot AA “|< sin br — x el. 


a sin bz — b cos bx 
whence P SE m , 


des bsin E bx 
Or we might have written equations (i) and (ii) as 
aP+bQ=e sin bz, 
—bP+aQ=e™ cos bx, 


We may write P and Q as follows : 
P=(a?+b) te sin (bz — tan) 2) ; 


\ and then solve for P and Q. 


Q-—(2? +2) dee cos c - tan-1?) , 


forms which are frequently useful and which are derivable at once from 
the formula for the n'^ differential coefficient, viz. 


D reis. radon (se4ntan?), 
by putting n= —1. [Dif. Calc., Art. 93.] 
And this is what we should be led to expect. For if to differentiate 


az Sin HACEN dl i 

* eos (2% +c) is the same as to multiply it by Vai--b? and to increase 
the angle by tan^! e the effect of integration, which is the inverse opera- 
tion, must be to divide out by the factor Va?+0? and to diminish the 


angle by tan™! 2, 


WA «e ^ nra nl 
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And it is in this form, viz. 


e. * sin 
Ala? +B? cos 


(bee —tan-! 5 ; 


sin 


that the integration of je Uer e Ux e) dz is most easily remembered. 


97. In ‘cases of the form 
e sin bæ sin cg sin dr, e?"*sin?"zcos?z, e”sin?xcos mz, etc., 


p and q being positive integers, the trigonometrical factor must 
first be expressed as the sum of a series of sines or cosines of 
multiples of x sd né papi means, and then each term 


being of form e, mg can be integrated. 
98. Ex. 1. 1- [esin 22 cos x dx. 


Now sin 2x cos x —3 (sin 3x 4-sin x) ; 
S I=} f (sin 3x + sin x) dx 
1 1 
=e [Ji sin (3z — tan-! 3) + Jà sin G — gll . 
Ex. 2. I- f e* sin? z cos? x dx. 


Now sin? z cos? x=} sin? 2» cos z— 1(1 — cos 4”) cos x 
— (2 cos v — cos 3w — cos 52) ; 


Le EE 
asd 1 Z) ( A 2) 
1 439 Sad A = 
=g s [ig es (e- tan 1)- xus eos (2e 4) Jai cos | 5z — tan 3 ] 
Ex. 3. Integrate Í Va? — a? dx by “ Parts.” 


rz a3 daa Nat — at ape? gyrA 


em Lë 
-a Maia [GSP ae 


[Note this step. Some such rearrangement is frequently necessary.] 


ava! asin- Í Nai — 3 da, 
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whence, transposing and dividing by 2, 


PE d 275 2. 
ji Tina EE a 4 sin, 


2 


which agrees with the result of Art. 78 obtained by the method of sub- 
stitution of a sin Ó for x. 


99. The method of Integration by * Parts" shows immedi- 
ately that whenever a direct function $(z) can be integrated, 
so also can the corresponding inverse function $-!(z), i.e. if 


[^t dz can be found, so also can Jane dz be found. 
For, putting ¢(x) =z, 
z=¢(z) and dz=¢'(z) dz. 


Hence | g(x) dx= | zp (z) dz 


=zġ(z) -Í $ (2) dz, 
which establishes the rule. 


100. Geometrical Consideration. 

This is no more than might have been anticipated from 
geometrical considerations. 

Let PQ be any arc of a curve referred to rectangular axes 
Oz, Oy, and let the coordinates of P be (2), Yọ) and of Q (z,, y,). 
Let the equation of the curve be y=¢(z); or if x, y be ex- 
pressed in terms of a single variable ¢, let the equations of the 


eurve be z —f (D) 2 u, say, 


y- (0 v, Say ; 
and let tẹ and f, be the values of ¢ corresponding to the values 
To, Yo and a, y,, of x and y respectively. 
Let PN, QM be the ordinates and PN,, QM, the abscissae 
of the points P, Q. Then plainly 


area PNMQ=rect. OQ —rect. OP — area PQM,N,. 
But area PNMQ= i y dx= R (x) da, 


area PQM,N,- ady= f $^ (y) dy. 


Also rect. OQ=a,y, and rect. OP =o. 


I| 
A ^ Arn ni 
wi W W . TC | .O Í j ] 
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Ti yı 
Thus f 'ydz- Gy, -2 - |" e A A RER 33 


ie. Uatstde- sas up) — J^ ow) dv 


Fig. 16. 


Hence the dependence of the one integral upon the other is 
obvious, and to establish the possibility of caleulating the area 
P.N MQ is to establish incidentally the possibility of obtaining 
the area of PQM,N,. 


1 filt) t 
Further, E y d= | v da -— f. "o en dt 
D Aalto) t 
OI OH) ty dv 
and | zd -Í ù w=f u — OË 
Yo J Jalto) i to dt - 
i t 
and LY allan [w] Si 
to 


So that the equation (1) may be written 


NFL [w] -fia a 


and thus the general rule of integration by parts is established 
geometrically. 

The meaning of the process is therefore this: In cases where 
there is a difficulty in finding the area PN MQ, we may find 
instead the area PQM,N, and deduce the former result from 
the latter. 
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EXAMPLES. 
Integrate by parts 
. we, Pe, x5e-*, xcoshx, a?sinhz. 
. ccosz, a?cos 2, x cos? x, x? cos 3v sina, xsin z sin 2x sin 3z. 
. e?sin 2z, e?sin?z, e* sin’ xcosx, e 5** cos x sin? x cos 3z. 
Plog x, z"log x, x” (log x), 2” (log sY. 
. e" sin px sin gx sin rz, e* sin pr sin gx cos rz. 
. e" sin px sin gx cos? rz, e7 cos px cos qz cos*(p+q)z. 
. Evaluate 


IA Dë wwe 


f sin zs, [Lens as Age, 


8. Integrate 
f sin^!z dz, f xv sinis dz, Í Hsin lede, ]|ztan^!z dz. 


101. Reduction Formulae. 

It not infrequently occurs that a function which it is 
desired to integrate is not immediately integrable or reducible 
by substitution to one or other of the standard forms 
whose integrals have been committed to memory. But 
it may happen in such a case that the integral may be 
connected in a linear manner with the integral of another 
function, or with the integrals of other functions, which are 
simpler or easier to integrate than the original function. 

Such a connecting formula is called a Reduction Formula. 
Thus an integration by parts makes one integral depend upon 
a second integral, and is a Reduction Formula. 

Many Formulae of this type will be found and used in 
subsequent chapters. 


102. We have seen how a repetition of the process of 
integration by parts will enable us to calculate the integrals 


Sp =| s" sin ne de, Cm | a eos mada 


We propose to construct “ Reduction Formulae" for these 
integrals, giving Sm, Cm in terms of S,,_,, C,, ; respectively. 
Integrating by parts, we have at once 


cos qr. m 
S. —g^ relier deg Ca 


and Cs 


sinnz m 
g^ —— Ban. AN 
n s 


f IN DI eelef Le 
W IVVV I IITI.VI V. 
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Thus, 

WO nem el qmi SiN ma Zeien gei 
and n ve mi ^m m Oma] 
Ze Sam EE EE "Mém 
and Ge aen aea BECH, 


Thus, when the four integrals for the cases m=0 and m=1 
are found, viz. 


À eos na sin nz 
S= [ sin ne de — , O32 | cosnede= í 
n n 
: eos nz | sin nx 
K = | xsin ngzdzr= —z—— ae 
n n 


sin nz , cos nz 
C,= | 2cos nzdz- z —— — +—,— 
1 n m? 


3 


all others can be deduced by successive applications of the 
above formulae. 

This illustrates the use of a reduction formula. But for 
expressions like g” sin nz, x”cos ne it is ordinarily better in 
practice to apply the method of Art. 95 at once and avoid the 
successive substitutions. 


EXAMPLES. 


Write down the integrals of 
1. f a*e* dz, IE sinh x dz, | x cosh?z da. 


1 d = 
2. d asin x dx, f’ £ inta dz, Lan x cosa dz. 
L4 (e 1 
3. [Pessina dz, ] a5 cos? « dz, Tech eda. 
1 3 
4. Í a* (a? cos? a +b? sin? a) dx, Í 23 log x dr, [stant zda. 


i 1 
b. f; e sin a cost edz, Lin xsin 2e sin Se dz. 
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103. The Determination of the Integrals 
| a^ e% sin ba da, le €** cos bæ dæ, 


may be at once effected. 
For remembering 


Les D kee E e* sin 


os UE $) 
? 
where r —A/a?-4- b? and tan $ = y we have 
f g^ e (gë s 
fe e* sin bz de=- e* sin (bz — 9) — —Q, "sin (bz — 24) 


KL Rr "erg sin (bx —39) — ... 


+(—1)" ne em sin (ba ES Y 


or =e” (P sin bz — Q cos bz), 
where 


n n—1 n—2 
P=} cos p—n = cos 2p-+n(n—1)= cos 39 — ..., 


Q =" sin g—n sin 26 4-n(n— 1) sin 39— .... 
Similarly, 
far e cos ba dæ — e** ( P cos bo +Q sin bx}. 
104. Integration of 
O = |e**cos* br do, S,= |e” sin" bo da. 


We may now express cos"bz and sin^bz in a series of 
cosines or sines of multiples of bz and then integrate each 
term by Art. 96; or we may obtain formulae connecting C, 
with C, , and S, with S,_,, thus: 


0, = [e cos" ba da: =~ cost bot |=. nb cos"! bz sin ba dz 
acht Bea El cos^^1 ba sin bz 
a ala 


- f P eat (cogn bz—(n— 1) cos*-?bz sin? bz} de | 
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== cos” UK E cos"! bz sin bz 


-[ ge in eos? bz— (n — 1) cos"^*bz) de 


2h2 
T 142756 == cost ba ert cos" ba sin ba 


a? n 
n (n—1) 30, ,. 
Hence 
C,=e* cos?-! bz 
Similarly 


a cos bz-- b sin bz n (n—1)0? 
a? 4-n?b* a+ nb? 


e: 


asin br—nb cos bz , n(n—1) b? 


S, — e** sin*-! bz "dios a+ , 28 


And as | eae, fersin ba da, fe cos be de (that is, S,, Co, 
S, and C,) can be written down (Art. 96), the integration of 
le cos” ba dx and Je sin” ba dr can be completed, in any case 
where n is a positive integer, by successive reduction. 


105. Ex. Integrate Í e*sin5zdz (i) by the “ multiple angle” method, 
(ii) by * reduction." 


- 


(i) Let cos z--:sin z—y; then Bains (see Art. 112). 
äise Al - (9 -3.)-5 (6-53) 19 (v; 
— 2, sin 5x — 10, sin 3x -- 20, sin z ; 
T sin’ z=; (sin 5x — 5 sin 37+ 10 sin v). 
[estas 
Li D 3r-F10sin x) dz 
-5 gin ër- tan- 5) -iz sin (37 — tan- 13) Tsin ( Sat 


(ii) Proceeding with the reduction formula, a=1, b—1, n=5, 


inz-5 N 
sin v cos x 5.4 e 


=e sint e: KE 
Ze sint x Hi5 125^ 
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sinz—S3cosz. 3.2 


Similarly $,—e* sin? x 12-32 MU +3? 5 
e” sin ( -1 
and &- | t sine de ro 5 


A Sel; yan a — 5 cos x) 


ELI ua eer 3: 3.2 in »-2)] 
T1078 4 


106. Integrals of form /,, eil a" (log x)" da, n being a positive 


integer and m not equal to — 1. 
Integrating by parts, we have 


gms n 1 
See n... T1- n—1 
La i (log a) 1 far 3 (log x)" dz 


+1 
eg x E? (log cn — 2 +1 ul (log x)"-! dz, 


te. Jm Ti = (log zy rs LN SVO MS A en eee AN. (1) 
Writing 0 for un Z; 


pee SD EE pne pni (0-1), $ 
^ m+l m--lim-4-1 ml Si 


and proceeding in this way, we ultimately get down to Z, 
which is 


gm gm 
farog dz, Ze WEL mti 
Hence 
v mt n n—1 n(n— 1) n-2.. n(n— 1)(n— 2) n—3 
ren ECH MES (m--1) e 


(—1)"n!,  (—1)"n! 


VE arin (2) 


107. If the definite integral | w™(logz)"dx be required 
(m2» — 1), note that ` 


z"H(logzy-0 when z—1 and r>0, 


and that Lt, -gt™* (log zy =0 
[ Diff. Cale., Art. 474, Ex. 3.] 
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Hence 
T n éi gn(n— 1) he 
[s] 2-55 s =(-1) (m (m+1 L. I sa | ete. 
1 = 
and finally, [z= Se E y 
: x n! 
Hence (GT G1 (m+ 1j 
Le [ 2" (log x)” FS Qian. (3) 
e). g Lei io dts 


which is also directly obvious from result (2). 
When m= —1, 


1 n m LES BI 
L= |I (log) dz- CIE 


108. The reduction formula established y integration by parts was 


I= LY T ao n ERC zr — In 


We may point out that this could be obtained by the rule of *the 
smaller index+1” of Art. 217 by putting P-—2z"*!(log cm and differen- 
tiating, but in this case there is no advantage in using this method, as 
the same formula is immediately written down by * parts" as above. 


7 _ dx cannot be integrated in 
log x 


finite terms except when m= —1. In that case, we have 
Lë og mmm, e log (log 4). 


In other cases put s= e". 


tam gi gm Dy 
Then Je eg) 7— dy, 


and expanding the exponential, we have 


-JE Wei ne) ert, ee yt. jay 
(m+1)? y guy 
(2°) 35.49. 7 8 
(m — 18 (log af | (m+1)3 (log x) 
SÉ i MONT E ee ) 


109. We may add, in passing, that Í 


— log y 4- (m -1)y +> T. 


= log (log z) 4- (m -- 1)log zi 


and the integration is expressed as an infinite series. 
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110. Integrals of the form f z"(log z)'dz, where n is a negative 


integer, may be reduced to the above form by using the reduction formula 
in the reversed form, and mene n for n — 1, 


[dog ras - 77 ; (log xn TET "dog atas 


'Thus 


Jander SE 


s Llog 
= url ion log 2) + Blog 2+ EE +.. d 


But as these expansions are not finite in expression, Hen are of but 


little practical importance. 


111. Integrals, however, where m is negative and « is 
positive, can be expressed in finite terms by the reduction 
formulae, and present no difficulty. 


Ex. E I= [5 (ege 


m 3 
= (log ef Ze [ 57 (log z} de 


— -9 3 SES 2 d —10 ] 
—Ü (log x) +5 —g (log a +5] * log z da 


1 (log ci 3 (loggz? 3.2logxr 3.2.1 


SÉ: FE SE F 12  9u 


$e — "Es ETTI (log z)? 4- Sech 


NoTE ON A TRIGONOMETRICAL PROCESS. 


112. We return to the Method of Multiple Angles already 
introduced in Arts. 97, 105. 

The process of expressing sin? z cos! z in multiple angles is 
a matter of Trigonometry. But for the convenience of the 
student it is briefly indicated here, as it will be extensively 
required in what follows. 

Remembering that 


(cos z train x) — cos nz - c sin x ( Demoivre), 
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d J 
let cosy+ısing=y; then cosz—isingz=-, 
y 
, T 1 
cosnz+isinnz=y" and  cosnz—.sinmz--—.. 
y 


Thus Reosamy+ 5, STEE 


1 à 1 
2cosnz=y"+—, 2csinnz=y"-—. 
y y 
Thus, if we require, say, sin in a series of sines or cosines of multiples 
of x, we proceed thus : 
d 148 1 1 ( H 1 ) 
SES ERR AWEE bech ad a vee 
25 sint z— (y a UA -8 (vis) +28 y) sel, +7) +70 
=2 cos 8z — 16 cos 67 +56 cos 4v — 112 cos 27+ 70 
and sinta:— J, (cos 82 — 8 cos 62x +28 cos ie — 56 cos Set 35). 
sin? z thus expressed is then ready either for finding the n* differential 
coefficient, or for integration, or for expansion in powers of z, as may be 
required. 
If we required sin92»cos?z, say, in a series of sines or cosines of 
multiples of x, then 


A6 2 
29,9 sin? v. 2? cos? x= ( y -5) ( y +5) (See the next article.) 
1 1 1 1 
E SA +4) +4( +4)+4 y+3)-10 
maar (ota) +4 ar ie 
=2 cos 8x — 8 cos 6x + 8 cos 4x +8 cos 2x — 10, 
and sin? a cos? w= 3, { — cos 82 +4 cos 6x — 4 cos 4z— 4 cos 274-5] , 
and is ready for integration, etc. 


113. It is convenient for such examples to remember that 
the several sets of binomial coefficients may be quickly 
reproduced in the following scheme : 


1 
t^g 

ES Gps 

| inl Age Sat 
pog o n 26 A 

illie Seana fe 

1 86 15 90 15..6..1 
DE qéEROA ge a T3 
1 8 28 56 70 56 98 8 1 
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each number being formed at once as the sum of the one immediately 
above it and the preceding one. Thus, in forming the seventh row, 


O+1=1, 14+5=6, 5+10=15, 10+10=20, etc., 


and in multiplying out such a product as the one in Art. 112, we 
only need the coefficients of (1— £)9(1--2)?, and all the work appearing 
will be 


Coefficients of (9 are 1—6-4-15—20--15— 6+1, 
Coefficients of (1—7)9(1--7) are 1—5-- 9— 5— 5-4-9—5--1, 
Coefficients of (1—7)9(1--7)? are 1-4+ 4+ 4—10--44-4— 4-41, 


each row of figures being formed according to the same law as before. 
The student will discover the reason of this by performing the actual 
multiplication of 
a+ bt - ct? -- di*-- ... by 1-4-t, 


in which the several coefficients in the result are 
O+a, a+b, b+c, c+d,.... 


Similarly, if the coefficients in (1--2)(1—7)* were required, the work 
appearing would be 
1+4+6+4+1 


1+3+2-—2-3-1 
$4945 6214-941 


and the last row gives the coefficients required. 
The coefficients here are formed thus : 


1-0=1, 4-1=3, 6-4=2, 4-6=-2, ete 


POWERS AND PRODUCTS OF SINES AND COSINES. 


114. Sine or Cosine with Positive Odd Integral Index. 


Any odd positive power of a sine or cosine can be 
integrated immediately thus: 
To integrate 


f sinema ads, let cosz—c; .'. sin g dæ= — dc. 


Hence 


| sin™t2de= -[ (1 — e)” de 


--[h- ne MOD) a... E Arer | de 


VAI TRAIN ArN a 
It 


^ 

X A JV À D 

LAJVLASNA 
V VV V 
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port tr le: Le a cu 
Sr dk zi iai B RIT. ee 

y = x sc? SA dech GER 
= —cosz+"C, — C, +...—(—1) C Yl 


Similarly, er sin z— s, d therefore coszdz-—ds, we 
have 


[cost eda— | (1 — s?)^ ds 


in3 2n+1 
—sing—^0, 7 Uti Soo EP NO. - ES 
115. Products of form sin? æ.costæ, p or d being an odd 
positive integer. 

In the same way as before, any product of the form 
sin"z costs admits of immediate integration by the same 
method whenever either p or q is a positive odd integer, 
whatever the other may be. 


Thus, to integrate ILE cos?" yda. Let sinz=s; then 


eos zdz-ds and IL cost ada | o (1 — s?)^ ds, 


and expanding as before, 


sin?+1 x f sin? + g sin?*> g i sin? +2n+1 y 
` pl ` D p+3 "Cs pts B7 0*6, pt2n+1 


116. When p--q is a negative even integer, the expression 
sin?z eos!z admits of immediate integration in terms of 
tan x or cot z. 

For, put tan z — f£, and therefore sec?z dz — dt, and let 


ptq- —2n, 


n being positive and integral. 
Thus 


| sin’ g cos? z dz — | tan? x cos?+4+? y dt =f e (1+¢?)"-1 dt 


oo [e+ mC, PH MAC PH nt, 6-2) dt 


_tan?+t x aan tente. aen an a 33 tan?t2n-1 g 
$41 ^ p+3 TOU pts mee ash Cra ER 


I 
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Similarly, if we put 
cotz=c, then —cosec?zdz=de, 


and 


| sin’ zeos!zdz-— - | cote zsinreetade- - [ea4eyiae 


Ma GUNG Ee onu b Er a 
ql 1 q+3 E WESTER 


This result is the same as the former, arranged in the 
opposite order. 


117. Use of Multiple Angles. sin’ x, ‘cos’, sin? 2. cos’ x, 
where p and q are positive integers, either odd or even. 

To sum up then, when in sin?z, p is odd, or in cos?z, q is 
odd, or in sin?zcos!z one of the two p, q is odd, the best 
method of procedure is that of Arts. 114, 115. 

But when both p and q are positive even indices, this 
method cannot be adopted, for the series used are not 
terminating series. 

We then express tbe function to be integrated as the 
sum of a series of sines or cosines of multiples of z, which 
can be done in all cases by the method of Art. 112, or in 
simple cases without having recourse to that method. We 
then have 

sin?” æ, cos'z or sin"zcos!z 
expressed in the form 
EA,sinanz or DA,cos nz, 


and each term may be integrated at once, giving 


COs na sin nx 
— XA, LA, 

as the integral. 

118; Ex.1: f coss dr = 14008 dpat} sin 20° 

A small even 4 

( index, ) 

Ex. f cos? zde- [359089 199992 de int sin e 

(om Kë Noda U 4 19 

2319 

or otherwise = fa —s*) ds =sin x — "a aj 
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1+cos 4x 
a 1+ 2 cos 2z -- ————— 
Ex. 3. f coste de= | zeegt, id 
(^ small even 2 4 d 
V index. ) 
= [cos 22+ } cos 42) de 
=$r+} sin 2z-4- 3; sin 4. 


119. But for higher powers we adopt the method of Art. 112. 


Ex. 4. f sin’ x dx. 


C WE 


Let cos z-- v sin z— y, etc. 


1\8 1 1 1 1 
8. 8ain? wel a ze U = bh eeng = ian Ms ST 
28,8 sin’ x (y zl (y+ ;) 8 (y 5) +28 (y+ i) 56 (y +a) +70 
= 2 cos 87 — 16 cos 6x + 56 cos 4x — 112 cos 27+-70 ; 


V [sine pe Ba à OS o ee 


Ex. 5. [ sin? x de — [a - tae - [ (148+ Get — 408+ 08) de 
(CHEM J 


4cos? zx Geos 4cos’x coss 


3 5 7 9 


= -—cos r+ 


Ex. 6. Find | sin? x cos? x dz. 


(Both indices even.) 
Then, as in Art. 112, 


: 148 1\2 
DS sin’ a Sender (v2) 
[and the working of the multiplication is 
Coefficients in (1— t$ 1—8--28—56-4-70—56--28— 8+1 
Coefficients in (1 —2)5(1--?) 1—7--20—28-4-144-14 - 28--20 7 4-1 
Coefficients in (1 —¢)8(1+¢)? 1—6--13- 8—14428—14— 8+13-6+1] 


` 288sin' x. 2?cos?z 
1 1 
10 L7 M 
= (y+ al: 6 (y) 13 (5) dE (+h =) +28 
aT ee eles sas eC Ee EEN, 
es Í sin? z cos? z dx 


1 
in d. sin Daa Baias MIS ae] 


AT. 3sin 8x | 12 sin 67 


-3 10 n 6 — 2 sin 4r — 7 sin 2z4- 144] 
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Ex. 7. Find | sin’ x cos? x dx. 


(One index odd.) 
[sint 2 008° sde sin? z (1 — sin? x) d (sin x). 


sin?r siny 
9 11 


Ex. 8. f sint cost ede 


(Anexponential 
factor.) 


--g | [cos 8x 4 cos 6x +4 cos 4y + 4 cos 2x — 5] dx 
(Art. 112) 


BERG ut Kril tan ^14) e: cos (6a — tan ?3) 
A/68 A/10 


cos(4z — tan"12) cos ( 4 5 
ari ZO, o EI al 


+2 


Ex. 9. Consider I= | e sin nz cos? zsin* z dz. 
^ ential factor and 
(3 igonometrical Si 
sin nz, in which n is not 
necessarily integral. 
: LV 1\2 
As before, 2° cos? z 22 sin? = (y +1) (y =>) " 
Coefficients of (1+7) 1+343+41, 
Coefficients of (1+4) (1-2) 14+2+0-2-1, 
Coefficients of (1 +) (1—27? 14-1-2-2--141; 


A cost æ sin? £= — 3, (cos Bæ + ege 3w — 2 cos x) ; 
" sin na cos? « sin? s= — 3; [2 sin nz cos Bei Zelt n cos 3x — 4 sin nz cos 2) 


= -4 [sin (n+5)x+sin (n — 5)z -- sin (n+3)e+sin (n — 3) 
—2 sin (an -- 1)z — 2 sin (n (el: 


whence f e gin nx cos? x sin? x dx 


Le E ((n4-5)z — tan !(n-5)) | sin ((n—5)z — tan"! (n — 5) 


CEO A(n — 5) +1 
A sin (n-F3)z -tan i(n +3)} | sin ((n —3)z — tan™ (n — 3)) 
A (n4- 35 -1 X (n—3) +1 
_g sin ((n-- 1)z— t tan^!(n--1)) _ 9 Sin (n—1)2 — tan *(n— UI i 


A (n 4-1) 4-1 J/(n-1y 1 
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120. Integral Powers of a Secant or Cosecant. 


Even positive powers of a secant or cosecant are even 
negative powers of a cosine or a sine, and come under the 
head discussed in Art. 116. 


Thus, f sec?z dx — tan x, 


Jeegsde- [a + tan? x) d tan x 


tan?x 
3 3 


=tanv+ 


[sects dz- Ja +2 tan?z + tan*z) d tan s 


2 tan?x be tan$z 
3 b NS 


=tan x+ 


and generally 
Jee? EZE fa +6)" dt, where t— tan z, 


tan? x tans x tan2"+1 y 
"C. —— Lët TM, 
3 CNR 


—tan z4-^C, 
Similarly, 
foose da — — cot z, 


feosectzdz= - fa + cot? x) d cot x 


cot? x 

edd 
etC., 

and generally 
-— EM ay 900r vu coz wë E o 
[cose +24 dx= —cotz—"C, 3 €, 5 zen 

121. Exactly in the same way 

[seer cosec! z da 


can be integrated when p+q is a positive even integer, either 
in terms of tan g or of cot x. 

This has been done already in Art. 116, for it may be 
written 


[eos sing da, 


where —p — q is a negative even integer. 
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122. Odd Powers. 

But for odd' positive powers of a secant or a cosecant, we 
have to adopt another method, because the Binomial Series used 
would be non-terminating. 

We now proceed as follows: 


By differentiation, 
(n--l)sec"*?z —nsec"x = = (tan z sec^z) 
and (n+1)cosec"+®z— n cosee^z = — pa (cot x cosec?z) ; 
whence 


(n+ 1) | see dz = tanzsec"z en [sec "y dz | 


(A) 
and (n+ nf cosec"+? dz — —cot z cosec"x +n|cosecreda.| 
Hence, changing n to n—2, 
$ n—1 n—1 fii 
[eoseena dx= — ee it 51 | eoseen7tz da. 
n— l n— l 
T. & 
Now [se zdz =log gtan(Z 4 + 5)= = gd-!z, 
feosecz dx= log tan F 
Hence 
f E AER E ` g log tan (5 + 2) (see Art. 79), 
3 3 ta 31 
[sectx ae = tan ee 745 Dez, llog tan (F+ +3), 
etc., 
and generally 
| cht geg? tanzsec?-?y | n— 2 tan z sec?-*z 
GER n—1 n—3 
D. —6 
4 (n— 2)(n —4) tan z sec? z. 
(n—1)n—3) | n—5 
(n—2)( (n—4) ...3.1 (3 
tin—D(n-3)-. -log tan (F +5) 
(n odd), 
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The same formula would equally apply if n be even, except 
that it would terminate differently, viz. the last term would be 
(n—2)(n—4) ...4.2 
(n—1)(n—3)...5.3 

In the same way 


Lanz (n even). 


Í ial diss E log tan? 
f: diu oe Zeie Meer 
J 


and generally, 
| Tele 5,8 EC cotzcosec^-?ry  4—2 cot zcosec?-*z 
n=l n—l n—3 
_(n—2)(n—4)cot æ cosec” ss ` 
(n—1)(n—3) n—5 
n—2)(n—4)...3.1 x 
KH Slogiogs-"— (modd) 
di | (n—2) (n—4)...4.2 
(n—1)(n—3)...5.3 
But as explained above, if n be even we should not in 
general employ this method, but that of Art. 120. 


123. Since positive or negative powers of secants and co- 
secants are negative or positive powers respectively of cosines 
and sines, it will appear_that so long as pis an integer, whether 
positive or negative, 


Jee dz, [cosas [seca dz, [oosecra dz 


cot x. (n even.) 


ean be integrated. Also it appears that [sinez cos’s dz can 
always be integrated directly if p and q are positive integers; 
also that, even if one of the two p or q be negative or 
fractional, the integration can still be directly effected if the 
other be a positive odd integer. And further, this integration 
ean be directly effected if »+q be a negative even integer, 
even though both p and q may be fractional. 


For other cases of |sin?z cos?zdz, where p,q are negative 
g 


integers, & reduction formula is in general required (see 
Art. 228). 
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124. If the student has any difficulty in reproducing the 
formulae of connection marked (A), they may be obtained at 
once by integration by parts thus: 


[senta dx= Leed SS a dz 
x 


= sec” g tan v— |n see?z tan?z dz 


—sec^ztanz —n{ (seer* ? 3 —sec"?z) dz, 


ie (n+1) kees dxz=sec"z tan zen [seca da. 
And similarly for [eoseer*#2 dz, 
(n+ 1) |cosee"**xda = —cosec" x cot 7+ n{coseeta da. 


125. Integral Powers of tangents or cotangents. 
Any integral powers of tangents or cotangents may be 
readily integrated. 


For Jr: dz— [tans-#2 (sec?*z — 1) dz 
= ftann- 2x dtan z— |tane-tz dz 


Long Le 
n—1 


- taneta da. 
And since | tan z dx= log secs 


an f tanzz de= | (see? —1) dz —tan z—z, 


we may integrate successively tan?z, tan*z, tan*z, etc. 
Thus we have 


[rant dz- — 


— log sec x, 
3 
[tanta ds - ` -tan THL, 


4 22 
= v a + log — 


Gei? Foie 


| tan? x dx= 


[tan% de = 5 +tan t-z, 


etc., 
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and generally 


[tanrx de= 


tanir ul tangy tan" är m ntl tan? 
n—1 n—3 ET: : 


wt+(-1) 7 


+(- es Neu (n odd) 


taniy tan* 3x 


or = +..4(- fex tan z 4-(— la 


n=l ET 
(n even). 
126. Similarly for cotangents, 
f cot” x dz = | cot”? z(cosec?z —1) dz x 
cot?-lg 
= T IT SS f cotr-2g dæ, 
whilst f cotz dx — log sin z, 
| cot?z dx -{ (cosec?z — 1) dz — —cotx—z. 
Thus we have successively 
2 
[ootteat EE id SE log sin x, 
3 
Jeep da--— eo ZS 
4 P 
Jee: dx= — S Ze re +log sin z, 
and generally 
a cotie cot" x2 cot"x 
foot des = n—1 28-2 abe 
n+l 
-(-1)* DÉI 117 lgsinz (nodd) 
EN ow AN. M BE cot ax a 
ar "Ttg tu Ed opin 
(x even). 


Hence any odd or even positive or negative power of a 
tangent or cotangent can be integrated readily. 


EXAMPLES. 


l. Integrate sin?z, sin?z, sin‘z, sin?z, sin?z, sin?z, sin?"z, sin?"*!z, 
doing those with odd indices in two ways. 


2. Integrate  sin?z cos?z,  sin?z cos?z, sints costz,  sin*z cosz, 
sin®z cos?z, sin9z costz. 
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sin?z 1 
3. Integrate , cos?zcosec!s, sec?xcosec?z, ———— ——-. 
cos tz sints costs 
T4 2 T 
4. Evaluate | sin?z dz, f Gosbr dz, | cos9z dr. 
0 0 0 
5. Integrate sinazcos?br, sin 3zcos?z, sin nz cos?z. 
6. Show that 
sin z sin 2z sin 3z dz — d cos 2z — d cos 4x + — i cos 62. 
Sears X6 94 
7. Show that 
: | _ eos(m--m)r cos(m—n)x 
(i) [s mz cos nz dz — PU EY ENAE TOTO 


(ii) [in ma sin nz dz = Ke " ere] 
sin(m —»)z  sin(m+n)x 
Aman) " Xm*o 


Deduce from (ii) and (iii) the values of 


| sin?mzdz and f cos? mg dr, 


(iii) feos mz cos nz dg = 


and verify the results by independent integration. 


8. Prove that [sin mesin adr and A cos mz cos nz dz are both 
0 
Zero sc long as m and n are integral and Sa, But if m and n 


are equal integers their values are each equal to = y 


GENERAL EXAMPLES. 


du dv du 
l. Prove that IL adr Aud 4 IL Te 


2. Perform the following integrations : 


(i) | cosa da. (ii) |» ost dx. 
(iii) [^ tan-iz dz. (iv) [eset di. 

(v) fzsecztanzaz. (vi) fen log (ca + d) dx. 
(vii) [asc VI- a da. (viii) hi “ly da. 


Um asus, S998] [Ox. II. P., 1889.] 
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(ix) le: et I» (x) [osi tas 
(xi) [eoe tn (xii) le log x dz. 


3. Integrate 


| d d d i PE IST EC E 
" fe d ei Ke da. (iii) fms da. 


4. Integrate 4 
(i) ea dz. (ii) Ka ait (iii) cay ü — da. 


mtan—lz mtan-lz 
(iv) Ke dz. (v) f e dr (n=a positive integer) 
sid (1 +22)? 


5. Integrate (i) ker cos az da. 
(ii) Lie" sin bz dz. [a 1888.] 
(iii) ke sin? da. 
6. Integrate 
(i) a (sin bz + cos bz) dz. (v) |223* sin 4z dz. 


(ii) le (sinh Ar + cosh bz) da. (vi) feos (è log g ) da. 


if. | é* sinh br cosh az dz. (vii) [on (blog 2) dz. 
(iv) fe cosh az sin bz dz. (viii) F 6 sin 8 cosh (cos 0) dé. 
[a 1891.] 
7. Integrate 
^ ve” — { ,1+sinz n 1-sinz 

(i) Eë dz. (ii) fe eee dz. (iii) fe a ; d^. 

" cosh z + sinh z sin z 
(v) | 1+cosz da. (v) l E Bauen, Sc. TRIP.] 


(vi) Ñ 1+e™ da. (vii) la: ü ET REIN 
[Ox. I. P., 1890.] 
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8. Integrate 
(i) | dog x)? dz. [Ox. I. P., 1888.] 
(ii) | (z £1 * zi) log z da. [Ox. I. P., 1889.] 
(iti) [e tan"! z dz. [Ox. IL. P., 1887.] 
{iv) [og (£ 4- Ja? + 2) dz. ' (Mara. TRIP., 1882.] 
(v) | z log (a+ a 4- 2?) dz. [Sr. Jomw's, 1884.] 
(vi) | (2) reta (Se. Jon, 1888] 
(vii) [ (a? +2?) Ja+z dz. [Sr. Jonw's, 1888.] 
(viii) Je? sin (bx A dée, ica diem 
(ix) [^ (1 - 2$) dz. [Ox. I. P., 1890.] 
9. Integrate 
(i) J ze“ sin bz sin cz dz. 
(ii) | c e* sin ba sin?cz dz. 


10. Show that if u be a rational integral function of z, 


a a du d*u ay 
[ein ae fu- 23; gea dat, E 


where the series within the brackets is necessarily finite. 
(Trin. Corr., 1881.] 


ll. If u= [e cos bz dz, v= le sin bz dz, prove that 
tan- + tan-iz ` zz, 
and that (a? + 5?) (u? +v?) = om 
12. Evaluate f x?log (1 — 2?) dz, and deduce that 


l 1 1 -$lo 2 
FEE TE B. ^. [a, 1889.] 
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13. Integrate fast 6 cosec* 0 d0, [et 0 sin 0 dô. 


14. Find the value of 


IC gA- (C D" Ta} de Ly, 1890.] 
15. Evaluate 
E dv däm | d*e/dw AR ds (3 - ll 1 
| da? CAFE C del * 
[y, 1890.] 


16. Establish the following formulae for integration by parts, 
u and v being functions of z, and accents denoting differentiations 
and suffixes integrations with respect to æ, and uw” denoting u with 
n accents : 


(i) | ww dz; = ww, — wv, + WV, — Ww" V, ^... E ( 1)" U0, 
+(- iJ uf? dais. 
(ii) f (uv) (dx)? = uv, — 2u'v, + 3u"v, — Auge +... - ( - 1) au, 
+(- »y»[ uf"), |, dz - ( — 1)" | is aile, dz. 


[a, 1888.] 


, 17. If u be a functión of z, and differentiations and integrations 
are respectively denoted by aecents and suffixes, and (») means 
n accents, show that 


logu-1- (5 u,+ (Du - G) us +...4(- rf DE 


[Sr. Joun’s, 1889.] 


18. If u,v, be functions of z, and accents and suffixes denote 
differentiations and integrations respectively, show that 


Zum = (vw)'u, — (vw) u, + (vw)"wu, — ...--(— i| (vwy""du,, 
 (wu)'v, — (wu) vg + (wu)"v, — ...-(— 1)" f (wu) dv, 


+ (wv)'w, — (ww) w + (uv)"w, — ... +( - 1) f (uv)? dw,. 


[Sr. Joun’s, 1889.] 
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19. Prove that 


Sé 25 , e 
Lei: 1- 5i Tag -ptp Te e 
Dan, Trip., 1878.] 


1 
20. Find the value of | dr correct to five decimal places. 
H 


[J. M. Scn Ox., 1904.] 
21. Prove that 


À i 
e. e? da = spur a + 
0 


(2a°)" 


—a?z? 
"ar en D Ee dz. 


tOx. I. Pus., 1899.] 


22. Find the sum of the series, supposed convergent, 
ei at 


x? 
be. - ee 28 Pe ERT ais 


[Corr., 1881.] 


23. If y and z be functions of x, and w= yz - zy’, prove the 
following : 


(i) f eu? (y - dude — y 3 14/2), 


(ii) the integration of zy-iu-*(yZ' —2y") can be reduced to that 
of y~. [Sr. Joun’s, 1886.] 


24. Show how the method of integration by parts may be applied 


to find 
roten dou 


where f(x) is a rational algebraical expression of the n™* degree. 


nt nl dan 
Prove that IN (z) NUT. Wo a ee [Corr., 1876.] 


25. Prove that | (cos z)" dz may be expressed by the series, 


= är sin?z sin?z 


sin z — N, ce eet: ete, 


n—2 
Ni» Na, N,, ... being the coefficients of the expansion (1 + a)? , and 
n having any real value positive or negative. [Smrrx’s Prize, 1876.] 


26. Prove that 
n 1 —e* Ka x. "LE n-r SCH j e (r+ D 
f- e sin da =e* S (— 1) Ge tf 2 * sin {z aan 


r=0 
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27. Express the infinite series 


TH S aa L 
278.4213 4.40 6°. 
as a definite integral, and find its value. [Ox. IL. P., 1902.) 
28. Show that 
at POA AE S PEEP 4.94 ROS ABEE m 
2 1:2 4 
sin 2ma. 
äm ` N 


where m is an integer and A is independent of z. Got, a, 1885.] 


29. Evaluate the integral 
4 Qrt . 2v 
a, sin 47 .a, sin 7st + A) dt, 
f, 1 Sin "oe. a, sin 7 ) 


and draw curves showing how its value depends on that of A. 
[MxcH. Sc. Trip., 1899.] 


30. Prove that if y=f(x) and z— dl are equivalent relations, 
then, between any corresponding limits, 


Jureyas- [vero ay, 
Hence, or otherwise, prove that if tan 8 =J/1-ctana, 
a daz it. i. dr 
[a — csin?z ov —¢ecosz [Ox. II. B, 1886.] 
31. Prove that the remainder È in the series 
0 — tan 0 — 1 tan*0 + ... CD tan + p 
may be written as a definite integral, 


6 
n 2 
5T "D tan?**6 do. es MA 


E 32. Show that the integrals f J(z) dz, f z"f(2) dz are connected 
thus : 0 9 


Lage -froi ro- 


+ DZ a r Aad 


and that if one can be integrated the other can also be integrated. 
(BERNOULLI. ] 
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33. Integrate 
| ( (2n 4- 1) cos (2n +2) 0 + (2n — 2) cos (2n — 2) 6) (cos 6)* dé, 


and prove that when n is a positive integer, 


1 
| cos (2n + 1) 0 (cos oy d6 — 0. 
: (Oxrorp II. Pus., 1913.] 


34. Find the sum of the areas included between the axis of z and 
the are of the curve y—zsin (z/a) from the ordinate x=0 to the 
ordinate z - nra, n being any positive integer, odd or even. 


[Oxr. I. P., 1911.] 
2a 


dz when n is any positive integer. 


35. Evaluate | ee 
o N/2uz — a? 
[Oxr. I. P., 1916.] 


1 
36. Show that f zlog (1 +42)dz=ċ¿(1- 2log), and prove that 
0 


1 
S 3 
this is less than f ae da. (Mann, Tu, Parr I., 1913.] 


37. If T,= i tan" dz, show that (n — 1) (T, + T, 4) = tan"-*z. 
0 
Given that r = 3:141592..., log,2 = 0:693147..., show that 


1 Z 
| tan*z dæ = 0:09657 ..., | tantz dz — 0:11873.... 
0 0 
(Man, Trip. I., 1915.] 
1l. sin-iz 


we 1 
38. Prove that i i "m dz = 24 4 log, 2. 


(Mara Trip. I., 1917.] 
39. Find the area 4 between the curve 
y —-a(sinz + $ sin 3x + 4 sin 5z) 
and the axis of z between the limits 0 and e: and the volume P 
obtained by rotating this area about the axis of z. 
Prove that 47 = maA. | [Maru. Trip. I., 1913.] 


40. Show that 
` AA? 1 1 
-1 di ers d upndupn RS TN —á— " 
Le ee lie s {5 +3 an sp] 
[MarH. Tee, Pr. I., 1916.] 
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